Abstract. It is proved that the Hodge decomposition and Serre duality hold on a non-compact weighted CR manifold with negligible boundary. A complete CR manifold has negligible boundary. Some examples of complete CR manifolds are presented.
Introduction
Let M be a strongly pseudo-convex CR manifold, an s.p.c. CR manifold for short, without boundary. A weighted CR manifold is an s.p.c. CR manifold endowed with a measure µ, which has a smooth positive density η with respect to the volume form of the CR structure. Then the space (M, µ) has a natural weighted Kohn Laplacian µ , which we call the Witten-Kohn Laplacian.
In this article, we are interested in Serre duality and Hodge decomposition on a non-compact weighted CR manifold. The Serre duality of a compact s.p.c. CR manifold was proved by Tanaka [15] for the case of a trivial line bundle, and recently, the first and the third named authors generalized it to any holomorphic vector bundle E [8] . On the other hand, Kohn's Hodge decomposition for a compact s.p.c. CR manifold was extended to a general s.p.c. CR manifold with negligible boundary (Definition 2.4) when E is a trivial line bundle by the second author [13] .
The aim of the present article is to extend these results to an arbitrary holomorphic vector bundle E over a general weighted CR manifold with negligible boundary, and to relate them to each other. Namely, by denoting H p,q (E) the space of E-valued L 2 -harmonic forms of (p, q)-type, we will show
Main Theorem. Let M be a (2n − 1)-dimensional weighted CR manifold with negligible boundary, and let E be a holomorphic vector bundle over M . Then the
holds for 0 < q < n − 1, and the Serre duality 
We say that M is complete and M is Riemannian complete if it is complete with respect to the Carnot-Carathéodory distance d CC and Riemannian distance d g associated to the CR structure, respectively (see Section 2). Then we have Theorem (Proposition 4.1).
Therefore, the Main Theorem is applicable, for example, to the Heisenberg group, Sasakian space forms, spherical orbits, and unbranched covering over a compact s.p.c. CR manifold with any weight. These are very important s.p.c. CR manifolds, but they have been excluded from the literature because of their non-compactness (see Section 4) . Two main points in the proof are: identification of the weak solution of the Laplace equation µ α = 0 with the harmonic form (Corollary 2.7); explicit expressions for ∂ and δ µ in terms of ∂ * and δ µ * via µ (Lemma 3.3).
We organize the article in the following manner: In Section 2, we recall some necessary notions which we will use in the article. Some new results are given, including the self-adjointness of the E-valued Witten-Kohn Laplacian. In Section 3, we will prove the Serre duality, and finally, in Section 4, we present the examples.
Strongly pseudo-convex CR manifolds
This section contains preliminary results. We recall some definitions related to a strongly pseudo-convex CR manifold M , focusing on the construction of the space Ω p,q (E) of E-valued (p, q)-forms, its holomorphic structure ∂ q , and the WittenKohn Laplacian µ . For a thorough discussion on a geometrical analysis of an s.p.c. CR manifold, we refer the reader to [5] and [15] . We also establish the essential self-adjointness of µ and characterize the harmonic forms as the solutions of the Laplace equation with respect to µ . These results are important steps when we extend our knowledge of a compact manifold to a non-compact one.
A (2n − 1)-dimensional strongly pseudo-convex CR manifold M , we call it simply an s.p.c. CR manifold, is an oriented smooth manifold which carries a structure (P, J, θ), that is: P = ker(θ) ⊂ T M is an (n − 1)-dimensional real subbundle with an almost complex structure J : P → P satisfying:
Consider the complexification of J and its eigenspace
where S is the complex conjugation of S. With the assumption of the strong convexity of M , there exist the following implications:
• a Riemannian
This shows that [JX, X] /
∈ P x , and hence, P satisfies the Hörmander condition [7] . Due to the Chow theorem [4] , P implies a non-degenerate distance d CC on M defined as
where π : T M → P is the projection with respect to g. We say M is complete if the distance space (M, d CC ) is complete.
Example 2.2 (E.g. [15]
). Let M be a boundary of a strongly pseudoconvex complex manifold and E be a holomorphic vector bundle on the neighbourhood of M . Then E| M is holomorphic in the above sense.
Hereafter, E stands for a holomorphic vector bundle over M . Consider the vector bundleT M = CT M/S, which is holomorphic (e.g. p. 15 in [15] ) together with the operator ∂ = ∂ M :
* with 0 ≤ p ≤ n − 1 carries a holomorphic structure:
where id is the identity operator on the indicated space, and p = pT M. Hereafter we assume additionally that (E, ∂ E ) is furnished with a smooth Hermitian fiber metric ·, · E . The bundle which we will study is
with the holomorphic structure
where ∂ is the holomorphic structure of E⊗ pT M * , α ∈ Ω p,q (E), and X 1 , · · · , X q+1 belong to Γ(S). If E is the trivial line bundle, we simply denote Let η be the weight, which is a positive smooth function on M , and consider the measure dµ = ηdv. The associated inner product (α,
where α, β (x) is the pointwise inner product of α and β at x ∈ M . Denote by α 2 the norm (α, α), and by
In abbreviation, we remove the super index q when the operator is acting on the space of mixed degree forms. The operator q µ is called subelliptic (e.g. [5] , [15] ) if there are positive numbers σ and C σ such that 
for α ∈ Ω(E). Therefore, µ and have the same principal symbols. Since is subelliptic [10] , we can draw this conclusion.
We consider the following domains:
We need the following assumption so that µ is symmetric: The assumption such that M has negligible boundary implies a stronger property to µ : Proposition 2.6 (e.g. [13] ). If M has negligible boundary, then
Outline of the proof.
. By Proposition 2.3 and Lemma 2.5, α is smooth for every > 0 (here we need the assumption: 0 < q < n − 1). Therefore, since δ µ
Since M has negligible boundary, δ µ L 2 = ∂ * , and by von Neumann's theorem (e.g.
where the right-hand side is self-adjoint.
We say α is harmonic if ∂α = 0 and δ µ α = 0 in the weak sense. A harmonic form always solves the Laplace equation µ α = 0, but in general, the converse does not need to be true. However, it follows that Due to the fact that M has negligible boundary,
, and ∂α = δ µ α = 0 µ-a.e. Due to the hypoellipticity of µ , α is smooth, and hence, ∂α = δ µ α = 0 pointwise.
A consequence of the celebrated Kohn's harmonic theory [10] is the Hodge decomposition of a vector bundle over a compact s.p.c. CR manifold. The corresponding result on a non-compact manifold, which is a consequence of Corollary 2.7, is the L 2 -Hodge decomposition in the Main Theorem. Since the proof is similar to the case where η ≡ 1 and E is trivial (e.g. [13] ), we will omit the proof here.
Serre duality
In this section, we study Serre duality and complete the proof of the Main Theorem. Our method is to relate the operators on E to those on E * via the weighted complex-conjugate Hodge star operator µ (see e.g. [8] , [6] ). Together with results from the previous section, we obtain the Main Theorem.
We start from the construction of µ . Let * :
k T * M → 2n−1−k T * M be the Hodge star operator of M with respect to g, which is uniquely determined by g( * α, β)dv = (n − 1)! α ∧ β, for α ∈ k T * M and β ∈ 2n−1−k T * M . * is isometric and involutive, i.e. g( * α, * β) = g(α, β) and * 2 = id, because M is odd-dimensional. As the complexification of * exchanges the set of holomorphic forms and the set of anti-holomorphic forms, the linear map = M := − • * satisfies (e.g. Lemma 7.1 [15] ):
We extend (3.1) to Definition 3.1. Define
where α = α i ⊗ s i , {s i } 1≤i≤r is a local frame of E, {s i } is its dual frame of E * , and
which is the entry of the inverse-matrix of (a ij ). Here E * is furnished with the Hermitian fiber metric induced from E:
The definition is well defined; i.e. it is independent of the choice of the frames. Similar to the Hodge star operator, it follows that
and
The operators µ and * µ satisfy the following properties. Proposition 3.2. It follows that
We denote by ∂ * and δ µ * the holomorphic structure of L 2 (Ω(E * )) and its formal adjoint, respectively.
Lemma 3.3. It follows that
(E), and
Proof. Recall that the holomorphic structure ∂ ∧ n coincides with the tangential Cauchy-Riemann operator (−1) n d (e.g. Proposition 1.1 in [15] ) defined as:
p+q * µ ∂ * µ β E . We used (3.3) and Proposition 3.2 for the last step. We have (3.4).
Next, by taking into account that d(φ ∧ * µ ψ) = 0, we can prove (3.4 * ) in a similar way.
We are now in a position to show: p+q β E = 0.
Since { µ β : β ∈ Ω 0 (E)} is dense in L 2 (E * ) by Proposition 3.2, we have δ µ * µ α = 0. On the other hand, for φ ∈ Ω 0 (E * ), we have by Proposition 3.2 and (3.4 * ) that
Therefore, ∂ * µ α = 0, and we deduce that µ α ∈ H n−p,n−(q+1) (E * ). The reverse implication can be shown by running the argumentation above from the bottom to the top. Now we obtain
where µ is a complex conjugate linear isomorphism. 
